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Toric Stacks I: The Theory of Stacky Fans 

Anton Geraschenko and Matthew Satriano 



Abstract 



The purpose of this paper and its sequel |GSllb| is to introduce and develop a theory of 
toric stacks which encompasses and extends the notions of toric stacks defined in |Laf021 IBCSOSi 
IFMN09I IIwa09| ISat09| [TyoTol , as well as classical toric varieties. 

In this paper, we define a toric stack as a quotient of a toric variety by a subgroup of its 
torus (we also define a generically stacky version). Any toric stack arises from a combinatorial 
gadget called a stacky fan. We develop a dictionary between the combinatorics of stacky fans 
r ^ I and the geometry of toric stacks, stressing stacky phenomena such as canonical stacks and good 

moduli space morphisms. 

We also show that smooth toric stacks carry a moduli interpretation extending the usual 
rS^ • moduli interpretations of P" and [A^/G,„]. Indeed, smooth toric stacks precisely solve moduli 

j^ I problems specified by (generalized) effective Cartier divisors with given linear relations and 

given intersection relations. Smooth toric stacks therefore form a natural closure to the class of 
moduli problems introduced for smooth toric varieties and smooth toric DM stacks in ^Cox95) 
and |Per08) . respectively. 

We include a plethora of examples to illustrate the general theory. We hope that this theory 
of toric stacks can serve as a companion to an introduction to stacks, in much the same way 
f~^ I that toric varieties can serve as a companion to an introduction to schemes. 
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1 Introduction 

Recently, a number of theories of toric stacks have been introduced |Laf02t IBCSOSj IFMN091 IIwaOQ^ 
ISat091[TyolO| . There are several reasons one may be interested in developing such a theory. First, 
these stacks provide a natural place to test conjectures and develop intuition about algebraic stacks, 
much the same way that toric varieties do for schemes. After developing an adequate theory, they 
are easy to work with combinatorially, just as toric varieties are. Second, in some situations toric 
stacks can serve as better-behaved substitutes for toric varieties. A toric variety has a canonical 
overlying smooth stack. It is sometimes easier to prove results on the smooth stack and "push 
them down" to the toric variety. Third, with the appropriate machinery, one can show that an 
"abstract toric stack" (e.g. the closure of a torus within some stack of interest) often arises from a 
combinatorial "stacky fan." The combinatorial theory of stacky fans then allows one to effectively 
investigate the stack in question. 

We are aware of three kinds of toric stacks in the literature. 

Lafforgue's Toric Stacks. In |Laf02| . Lafforgue defines a toric stack to be the stack quotient of 
a toric variety by its torus. These stacks are very "small" in the sense that they have a dense 
open point. They are rarely smooth. 

Smooth Toric Stacks. Borisov, Chen, and Smith defined smooth toric Deligne-Mumford stacks 
in (BCS05J . These are the stacks studied in |FMN09| and |Iwa09] . They are smooth and have 
simplicial toric varieties as their coarse moduli spaces. The second author generalized this 
approach in [SatOD] to include certain smooth toric Artin stacks which have toric varieties as 
their good moduli spaces. 

Toric Varieties and Singular Toric Stacks. Toric varieties are neither "small" nor smooth in 
general, so the standard theory of toric varieties is not subsumed by the above approaches. In 



[TyolO §4], Tyomkin introduces a definition of toric stacks whicli includes all toric varieties 



(in particular, they may be singular). However, these toric stacks always have finite diagonal, 
and the definition is "very local." 

In this paper we propose a definition of toric stack that encompasses all of the above approaches. 
Before giving precise definitions, let us give a brief overview of the theory we propose and the 
contents of the two papers Toric Stacks I and II (this paper and [GSllbj ). We define a toric stack 
to be any quotient <Y = [X/G] where X is a normal toric variety and G is a subgroup of the torus 
T of X. In analogy with toric varieties, we show: 

1. Every such toric stack X comes from a combinatorial gadget, which we call a stacky fan. 
There is a rich dictionary between the combinatorics of stacky fans and the geometry of toric 
stacks. 

2. With suitable hypotheses (see the theorem below), if X is any stack with a dense torus T 
such that the action of T on itself extends to X, then ^ is a toric stack. 

These two points are the subjects of Toric Stacks I and II, respectively. In this paper, we define 
a notion of stacky fan, show that every toric stack comes from a stacky fan, and develop the 
correspondence between stacky fans and their associated toric stacks, thereby allowing one to 
easily read off properties of a toric stack from its stacky fan. In Toric Stacks II, we prove 

Theorem ( [GSllb[ Theorem 6.1]). Let X be an Artin stack over an algebraically closed field k 
of characteristic 0. Suppose X has an action of a torus T and a dense open substack which is 
T -equivariantly isomorphic to T . Then X is a toric stack if and only if the following conditions 
hold: 

1. X is normal, reduced, and of finite type, 

2. X has affine diagonal, 

3. geometric points of X have linearly reductive stabilizers, and 

4- every point of [X/T] is in the image of an etale representable map from a stack of the form 
\U /G], where U is quasi-affine and G is an affine group. 

Let us now describe in detail the contents of this paper. Above, we defined a toric stack to be 
the stack quotient of a normal toric variety X by a subgroup G of its torus Tq. Note that the stack 
[X/G] has a dense open torus T = Tq/G which acts on [X/G]. Many of the existing theories of 
toric stacks allow for generic stackiness; if our theory is to encompass all of the previous ones, we 
must also introduce a notion of "generically stacky toric stack". We do as follows: 

An integral T-invariant substack of [X/G] is necessarily of the form [Z/G] where Z C X is an 
integral To-invariant subvariety of X|^ The subvariety Z is naturally a toric variety whose torus T' 
is a quotient of Tq. The quotient stack [Z/G] contains a dense open "stacky torus" [T' /G] which 
acts on [Z/G]. 



^Note that Z must be irreducible because G cannot permute the irreducible To-invariant subvarieties of X. 



Definition 1.1. In the notation of the above two paragraphs, a toric stack is an Artin stack of 
the form [X/G], together with the action of the torus T = Tq/G. A generically stacky toric stack 
is an Artin stack which is isomorphic to a closed torus-invariant substack of a toric stack, i.e. is of 
the form [Z/G], together with the action of the stacky torus [T'/G]. 

This definition encompasses and extends the three kinds of toric stacks listed above: 

• Taking G to be trivial, we see that any toric variety X is a toric stack. 

• Smooth toric Deligne-Mumford stacks in the sense of [BCSOSj IFMN09[ IIwa09| are smooth 
generically stacky toric stacks which happen to be separated and Deligne-Mumford. This is 
explained in the discussion immediately after Definition 12.191 

• Toric stacks in the sense of |Laf02] are toric stacks that have a dense open point (i.e. toric 
stacks for which G = Tq). 

• A toric Artin stacks in the sense of |Sat09j is a smooth generically stacky toric stack with 
finite generic stabilizer and a toric variety of the same dimension as a good moduli space. See 
Sections H] and [6l 

• Tyomkin's toric stacks are generically stacky toric stacks as well, but this fact requires some 
theory. See [GSllbl Remark 6.3]. 

Just as toric varieties can be understood in terms of fans, toric stacks can be understood in terms 
of combinatorial objects called stacky fans, which are defined in Section [2l Once the definitions 
are in place, it will be clear that any morphism of stacky fans induces a toric morphism of the 
corresponding toric stacks. In Section [3l we prove that the converse is true as well: any toric 
morphism of toric stacks is induced by a morphism of stacky fans (Theorem 13. 4p . 

Sections [2] and [3] provide a sufficient base to generate interesting examples. In Section [H 
we highlight a particularly easy to handle class of toric stacks, which we call fantastacks. The 
stacks defined in |BCS05j and |Sat09| which have no generic stabilizer are fantastacks. Generically 
stacky toric stacks are considerably more general than fantastacks, but it is sometimes easiest to 
understand a generically stacky toric stack in terms of its relation to some fantastack. For example, 
the stacks defined in [BCS05] and |Sat09] are closed substacks of fantastacks. 

{fantastacks} C {toric stacks} C {generically stacky toric stacks} 

Section [5] is devoted to the construction of the canonical stack over a toric stack. The main 
result is Proposition 15. 7|. which justifies the terminology by showing that canonical stacks have a 
universal property. Canonical stacks are minimal "stacky resolutions" of singularities. Heuristically, 
the existence of such a resolution is desirable because it is sometimes possible to prove theorems 
on the smooth resolution and then descend them to the singular base. Indeed, the main theorem 
of Toric Stacks II, [GSllbl Theorem 6.1], is proved in this way. 

In Section [6l we classify toric good moduli space morphisms in the sense of |Alp08] . Good 



moduli space morphisms generalize the notion of a coarse moduli space and that of a good quotient 
in the sense of |GIT| . Good moduli space morphisms are of central interest in the theory of moduli, 
so it is useful to have tools for easily identifying and handling many examples. 



In Section [71 we prove a moduli interpretation for smooth toric stacks (Theorem 17. 7p . That 
is, we characterize morphisms to smooth toric stacks from an arbitrary source, rather than only 
toric morphisms from toric stacks. The familiar moduli interpretation of P*^ is that specifying a 
morphism to P" is equivalent to specifying a line bundle, together with n + 1 sections that generate 
it. Cox generalized this interpretation to smooth toric varieties in |Cox95j . and Perroni further 
generalized it to smooth toric Deligne-Mumford stacks in |Per08| . Smooth toric stacks are the 
natural closure of this class of moduli problems. In other words, any moduli problem of the same 
sort as described by Cox and Perroni is represented by a smooth toric stack (see Remark 17. lOp . 

Just as toric varieties can be defined over an arbitrary base, much of this paper can be done over 
an arbitrary base, but we work over an algebraically closed field in order to avoid imposing confusing 
hypotheses (e.g. every subgroup of a torus we consider is required to be diagonalizable) . A stacky 
fan defines a toric stack over an arbitrary base, and morphisms of stacky fans induce morphisms 
of toric stacks. However, if the base is disconnected, not every toric morphism is induced by a 
morphism of stacky fans. 

Remark 1.2 (The Log Geometric Approach). There is yet another approach to toric geometry, 
namely that of log geometry. In this paper, we do not develop this approach to toric stacks. 
We refer the interested reader to |Sat09L §§5-6], in which the log geometric approach is taken for 
fantastacks. 



Logical Dependence of Sections 

The logical dependence of sections is roughly as follows. 

Toric Stacks I [GSllaj Toric Stacks II [ GSllbj 

\M m M 3 
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2 Definitions 

For a brief introduction to algebraic stacks, we refer the reader to [OlsOSl Chapter 1]. For a more 
detailed treatment, we refer to |Vis05j or |LMBOOJ . If the reader is unfamiliar with stacks, we 
encourage her to continue reading, simply treating [X/G] as a formal quotient of a scheme X by 
an action of a group G. Just as it is possible to learn the theory of toric varieties as a means of 
learning about varieties in general, we hope the theory of toric stacks can serve as an introduction 
to the theory of algebraic stacks. 

We refer the reader to [Ful93l Chapter 1] or [CLS11[ Chapter 3] for the standard correspondence 
between fans on lattices and toric varieties, and for basic results about toric varieties. We will follow 
the notation in [ CLSll] whenever possible. 

Definition 2.1. If L is a lattice, we denote by T^ the torus D{L*) = Homgp(Homgp(L,Z),Gm) 
whose lattice of 1-parameter subgroups is naturally isomorphic to L. 

Remark 2.2. Here, the functor D[—) is the Cartier dual Homgp(— ,Gm)- It is an anti-equivalence of 
categories between finitely generated abelian groups and diagonalizable group schemes. See [SGASt 
Expose VIII]. 

The functor (— )* is the usual dual for finitely generated abelian groups, Homgp(— ,Z). 

2.1 The Toric Stack of a Stacky Fan 

Suppose X is a toric variety and G C Tq is a subgroup of its torus. We may then encode the toric 
stack [X/G] combinatorially as follows. 

Associated to the toric variety X is a fan S on the lattice of 1-parameter subgroups of Tq , L = 
Homgp(Gm,To) (see |Ful93[ §1.4] or |(^LS1H §3.1]). The surjection of tori Tq -^ Tq/G is encoded by 
the induced homomorphism of lattices of 1-parameter subgroups, j3: L ^ N = Homgp(Gm,7o/G). 
The dual homomorphism, /3* : Hom(A^, Z) -^ Hom(L, Z), is the induced homomorphism of charac- 
ters. Since Tq — >■ Tq/G is surjective, /3* is injective, so the image of j3 has finite index (c.f. Remark 

[USD. 

Definition 2.3. A stacky fan is a pair (S,/3), where S is a fan on a lattice L, and /3: L ^ A^ is a 
homomorphism to a lattice N such that /3(L) has finite index in N . 

The above paragraph has shown that any toric stack can be encoded with a stacky fan. Con- 
versely, any stacky fan (S,/3) gives rise to a toric stack as follows. Let Xy. be the toric variety 
associated to S. The dual of /?, /3* : N* — > L* , induces a homomorphism of tori Tf^: Ti ^ Tn, 
naturally identifying (5 with the induced map on lattices of 1-parameter subgroups. Since (5{L) is 
finite index in A, /3* is injective, so Tp is surjective. Let Gp = ker(T^). Note that Tl is the torus 
of As, and Gp C Tf, is a subgroup. 

Definition 2.4. Using the notation in the above paragraph, if (S, /3) is a stacky fan, we define the 
toric stack <^s,/3 to be [As/Gyj], with the torus Tn = Ti/Gp. 
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Example 2.5 (Toric Varieties). Suppose S is a fan on a lattice N. Letting L = N and /3 = id-N, 
we see that the induced map Tjy — )• Tn is the identity map, so Gp is trivial. So <^e,/3 is the toric 
variety X-^. o 



Example 2.6. Here Xs = A^. We have that /3* is given by ( g 2 ) : Z 



^, so the induced map on 



tori is 



•-2 



given by (s,t) h^ {st,t^). The kernel is G/3 = /i2 = {(COIC^ = 1} ^ G^. 

So we see that X^.^ = [A^//U2], where the action of ^2 is given by C, ■ {x,y) = {C,x,C,y). 
Note that this is a smooth stack. It is distinct from the singular toric variety with the fan 
shown to the left. o 



Since quotients of subschemes of A" by subgroups of GJ^ appear frequently, we often include 
the weights of the action in the notation. 

Notation 2.7. Let G ^-)- GJ^ be the subgroup corresponding to the surjection Z" — > D{G). Let gi 
be the image of e^ in D(G). Let X C A" be a GJ^-invariant subscheme. We denote the quotient 

[X/G]by[X/(,,... ,„)G]. 

In this notation, the stack in Example 12.61 would be denoted [A^/(i i)/i2]- 

Exam,ple 2.8. Again we have that Xy, = A^. This time /3* = (J) : Z ^ Z^, which induces the 
homomorphism G^ — )• Gm given by (s,t) H^ s. Therefore, Gp = Gm = {(l,t)} C G^, so <^e,/3 = 
[AV(oi)Gm] = Aix [AVG™]. ' o 

Example 2.9. This time Xs = A^ \ {(0,0)}. We see that /3* = (_\ ) : Z ^ Z^, which induces the 
morphism G^ — )• 



given by {s,t) i-)> st . So G 



{(t,t)} C G^. We then have that 



^E,/3 = [(A^\{(0,0)})/(ii)G, 



f Warning 2.10. Examples 12.51 and 12.91 show that non-isomorphic stacky fans (see Definition 
13. 2p can give rise to isomorphic toric stacks. The two presentations [(A^ \ {(0,0)})/^ i)Gm] 
and [P^/{e}] of the same toric stack are produced by different stacky fans. In Appendix |B] we 
collect several results which mitigate this problem. 

Exam,ple 2.11 (The non-separated line). Again we have that Xs = A^\{(0,0)}. However, this time 
we see that /3* = ( } ) : Z — )• Z^, which induces the homomorphism G^ — )• G^ given by {s,t) i-)- st. 
Therefore, G^ = G^ = {(i,t~^)} C G^. So we have that ;fs,/3 = [(A^ \ {(0,0)})/(i _i)Gm] is the 
affine line A^ with a doubled origin. 

This example shows that there are toric stacks which are schemes, but are not toric varieties 
because they are non-separated. o 
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Example 2.12. Here Xj] = A^, and /3* = 2: Z — )• Z, which induces the map Gm -^ Gm given by 
1 1-> t^. So Gi3 = fi2 '^ Gm and A's^^ = [AVa*2]- o 

2.2 The Generically Stacky Case 

Before we generahze Definitions 12.31 and 12.41 to include the genericahy stacky case, it is convenient 
to estabhsh some terminology. 

Definition 2.13. Suppose i? is a finitely generated abelian group and j4 C 5 is a subgroup. The 
saturation of A in B is the subgroup 

SatB A = {& G B\n ■ b £ A for some n G Z>o}. 

We say A is saturated in B if A = Sat^ A. We say that a homomorphism / : A ^ B is saturated if 
f{A) is saturated in B. 

Remark 2.14. Saturated morphisms are precisely morphisms whose cokernels are lattices (free 
abelian groups). In particular, the image of a saturated morphism has a direct complement. 

Definition 2.15. A homomorphism of finitely generated abelian groups f : A ^ B is close if 
SatB f{A) = B. 

Remark 2.16. Equivalently, / is close if the dual homomorphism /* : B* = Hom(i?, Z) — > Hom(^, Z) : 
A* is injective. Note that the property of being a close morphism depends only on the quasi- 
isomorphism class of the mapping cone C{f) = [A ^f B] in the derived category of abelian groups. 

Definition 2.17. Suppose f : A —?■ B is a. homomorphism of finitely generated abelian groups so 
that ker / is free. For i = 0,1, let D{G)) be H^{C{f)*), where C{f) = [A ^ B] is the mapping 
cone of / and (— )* is the derived functor i?Homgp(— ,Z). We define G\ to be the diagonalizable 
groups corresponding to D{G\), and we define Gj = G^r (B G\. 

Note that the homomorphism A* — )• D{G\) induces a homomorphism Gj — J- D{A*) (that is 
trivial on Cr). In the case where A and B are free abelian groups, H^{G{f)*) are simply the kernel 
(z = 0) and cokernel {i = 1) of /*. If we additionally assume / is close (as was the case in ^2.ip . 
then /* has no kernel, so G^ is trivial. In particular, the notation is consistent with the notation 
in the paragraph above Definition 12.41 with / = /?. 

We now generalize Definitions 12.31 and [ 



Definition 2.18. A generically stacky fan is a pair (S,/3), where S is a fan on a lattice L, and 
/3: L — > A^ is a homomorphism to a finitely generated abelian group. 

Definition 2.19. If (5],/3) is a generically stacky fan, we define Af^,/? to be [A^/G^], where the 
action of Gp on As is induced by the homomorphism G^ — > D{L*) = T^. 

Remark 2.20. If f3 is assumed to be close, this construction of Af^;,^ essentially agrees with the 
ones in |BCS051 §3] and |Sat09l §5]. However, those constructions effectively impose additional 
conditions on S (e.g. that S is a subfan of the fan of A") since it is required to be induced by a fan 

on N ®i Q. 



Remark 2.21. Now we give a more explicit description of ^e,/3) which also has the benefit of 
demonstrating that it is a generically stacky toric stack according to Definition 11.11 See Example 
14.151 for an illustration of this approach. 

Let (S,/3: L -^ N) be a generically stacky fan. Let 

be a presentation of N, and let S : L — )• Z** be a lift of /3. 

Define the fan S' on L © Z^ as follows. Let r be the cone generated by ei, . . . ,6^ € Z^. For 
each (T € S, let a' be the cone spanned by a and r in L © Z*. Let T,' be the fan generated by all 
the a' . Corresponding to the cone r, we have the closed subvariety Y C Xj^i, which isomorphic to 
Xy, since S is the star (sometimes called the link) of r [CLSIH Proposition 3.2.7]. We define 

I3' = B®Q: L©Z^ >Z'' 



(/,a)i — >B{l)+Q{a). 

Then (S', /?') is a stacky fan and we see that A's,/3 — [Y/Gjj']. Note that C{f3') is quasi-isomorphic 
to C(/3), so G/3' = G;3. 

Remark 2.22. Note that if cr is a smooth conep then the cone spanned by a and r is also a smooth 
cone. So if '^s,/^ is a smooth generically stacky toric stack, then it is a closed substack of a smooth 
toric stack. 

Remark 2.23 (On the condition "/3 is close"). Since the action of GS on X^ is trivial, we have that 
"^s,/? = [-''^s/G'l] X BG^a. It is often easiest to treat this extra stackiness separately. Let A^i be the 
saturation of /3(L) in A^, let Nq be a direct complement, and let /3i : L — ?> A'^i be the factorization 
of /3 through Ni. Then G° = i?(iVo*) = G^^^°^ and [Xs/G^] = ;fE,/3i- 

We therefore typically assume /3 is close (or equivalently that <^s,/3 has finite generic stabilizer), 
with the understanding that the non-close case can usually be handled by replacing (3 by /3i. 

Remark 2.24 (On the generically stacky case). In this paper, we opt to work primarily with toric 
stacks, since generically stacky toric stacks can be described as closed substacks. 

The primary reason for this focus is that we would like to avoid discussing stacky tori and their 
actions. We refer the interested reader to |FMN09l §1.7, §2, and Appendix B] for a discussion on 
stacky tori and their actions. All stacky tori that arise in generically stacky toric stacks are of the 
form T X BG, where T is a (non-stacky) torus, and G is a diagonalizable group. 

However, we do deal with generically stacky fans whenever it is possible to do so without delving 
too heavily into the theory of stacky tori. 

3 Morphisms of Toric Stacks 

The main goal of this section is to define morphisms of toric stacks and stacky fans, and to show 
(in Theorem 13. 4p that every morphism of toric stacks is induced by a morphism of stacky fans. 



^A smooth cone is a cone whose corresponding toric variety is smooth. See [CLSllI Definition 1.2.16]. 



Definition 3.1. A toric morphism or a morphism of {generically stacky) toric stacks is a morphism 
which restricts to a homomorphism of (stacky) tori. 

Definition 3.2. A morphism of generically stacky fans (S,/3 : L -^ N) -^ (S',/3' : L' — )• A^') is a 
pair of group morphisms ^■. L —^ L' and (j): N ^^ N' so that (3' o ^ = (p o /3 and so that for every 
cone (T G S, ^{(j) is contained in a cone of S'. 

We typically draw a morphism of generically stacky fans as a commutative diagram. 




A morphism of generically stacky fans {^,(j)): (S,/3) -^ (S',/3') induces a morphism of toric 
varieties Ax; -^ As' and a compatible morphism of groups G/3 — )• G^' , so it induces a toric morphism 
of (generically stacky) toric stacks ^(^^4,) ■ '^Y;,i3 — ^ '^E',^'- 

3.1 Toric Morphisms are Induced by Morphisms of Stacky Fans 

Lemma 3.3. Let A be a connected scheme, G a group scheme over k, and P — >■ A a G-torsor. 
Suppose Q C P is a connected component of Po Then Q — > A is an iJ-torsor, where H is the 
subgroup of G which sends Q to itself. 

Proof. Let (p be an automorphism of P. Since Q is a connected component of P, (piQ) is either 
equal to Q or is disjoint from Q. It follows that {GxQ)xpQ = {HxQ)xpQ = HxQ, where 
the map G x Q ^^ P is induced by the action of G on P. 

The diagonal Q^QxxQ'^PxxQ is a section of the G-torsor P Xx Q ^ Q, so it induces 
a G-equivariant isomorphism P xx Q — G x Q. We then have the following cartesian diagram. 



HxQ^{GxQ)xpQ y QxxQ 



^Q 



GxQ 



PxxQ >P 



->A 



Q — 

In particular, the map H x Q ^ Q Xx Q, given by {h,q) 1— )• {h ■ q,q), is an isomorphism. This 
shows that Q is an //-torsor. D 

Theorem 3.4. Let (S,/3: L — )■ N) and (S',/3': L' — )• A') be stacky fans, and suppose f: -Ys./3 — ^ 
•^S',/?' is a toric morphism. Then there exists a stacky fan (Sq, /3o) o-iT-d morphisms (<I>, (p) : (Sq, /3o) ~^ 



^The hypothesis that X is connected is actually unnecessary, but it makes the condition on Q simpler. It is enough 
to assume that every connected component of X has exactly one connected component of Q lying over it. 
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(S,/3) and ($',(/>'): (So,/3o) — ^ (5^')/5') stic/i i/ia^ t/ie following triangle commutes and Xf^^s) ^-^ a^ 
isomorp/iism. 



X, 



(•I-.0) 




-^E.fl -^ 



Proof. By assumption, / restricts to a homomorphism of tori Tjv — > T/v , which induces a honio- 
morphism of lattices of 1-parameter subgroups (p: N —^ N'. 

We define Y = X^; ^x^, gt X^,/. Since X^ — )• <Ys'_/3' and X^' — > <^s',/3' are toric, Tj, ^Tj^/ ^L' is a 
diagonahzable group. The connected component of the identity, Tq C T^ Xt T/^', is a connected 
diagonahzable group, so it is a torus. Let Yq be the connected component of Y which contains Tq, 
and let G$ be the kernel of the homomorphism To —> Tl. We then have the following diagram. 



G.c 



Tn9 



-4G 



/?' 



^TlXt^,Tl. 



G 



fi' 



■^Tl> 



Tl 



^Y- 






-^X^, 



G gi-torsor 



Xs 



'^T.',I3' 



Since Xj] is normal and separated, and y is a G^'-torsor over X^,, we have that Y is normal and 
separated, so Yq is normal, separated, and connected. In particular, Yq is irreducible. We have that 
To is an open subscheme of Yq, and Tq acts on Yq in a way that extends the multiplication, so Yq 
is a toric variety with torus Tq. Say it corresponds to a fan T,q on the lattice Lq of 1-parameter 
subgroups of Tq. 

Now Yq — >• Xs and Yq — > X-^i are morphisms of toric varieties, so they are induced by morphisms 

/3, 



of fans Sq — ;• S and Sq 
of stacky fans 



Tl'. Defining /3q to be the composition Lq ^^ L ^^ N, we have morphisms 




¥N' 



Note that G$ is the kernel of the surjection Tq -^ Tl, so the notation is consistent with Definition 
12.171 By construction, G^ is the subgroup of Gjs' which takes Tq to itself, so it is the subgroup 
which takes Yq = Tq to itself. By Lemma [3^ Yq is a G$-torsor over X^;. 

Since Tq is a connected component of a group that surjects onto Tl, the induced morphism 
To — )• Tl is surjective, so <1> is close. By Lemma lA.21 Gp^ is an extension of Gj3 by G^. The morphism 
of stacky fans (So,/3o) — )• (5^,/3) induces the isomorphism ^Ysq^/?,, = [Y/Gis^^] -^ [{Y/G,^)/Gi3] = ^s,/3- 
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On the other hand, the morphism (So,/3o) -^ (S',/3') mduces the morphism [Yo/G/^p] = 

We conclude this section with the fohowing proposition, which is useful for understanding when 
a morphism of generically stacky fans induces a toric morphism with a given property. 

Proposition 3.5. Let F be a property of morphisms which is stable under composition and base 
change. For i = 0,1, let (<I>j,0j): (T,i,/3i: Li — )■ Ni) -^ (Sj,/3j: Lj — ?> Ni) is a morphism, of 
generically stacky fans. Then the product morphism (^o ^ ^ij'/'o ^ 0i) induces an morphism of 
generically stacky toric stacks which has property P if and only if each {^i,(pi) does. 

So X Si > T.'q X S; 

Lq X Li > Lq X L\ 



/3oX/3 



/3^,x/3l 



Ar,xiVi^i^^iV^xiV{ 
(see \CLS11\ Proposition 3.1.14] for basic facts about product fans) 

Proof. Products of morphisms with property P have property P because f x g = (/ x id) o (id x (7), 
and / X id (resp. id x 51) is a base change of / (resp. ^f). 

The constructions of -^s,^ from (S,/3) and of ^(^^4,) from (<&,(/>) commute with products, so 
($0 X $1,00 X 4>i) induces the product morphism Af($gx$i,0oX(/>i) = '^(*o,0o) ^ -^(^i.^i)- I* follows 
that if ^(#,,0,) have property P, then so does ^(<j.ox#i,0oX(/.i)- 

Conversely, suppose X(>s,oxi>i,<PoX'Pi) = '^{^o,<t>o) ^ '^(*i,</'i) ^as property P. We have that Xj:'^,p'^ 
has a fc-point, induced by the identity element of its torus, which induces a morphism Xj^i ^/ — > 
'^EJ,,/?^ X ^j:[,I3[- Base changing ^^($^^0^) x Af($^^0^) by this morphism, we get X{.s>u4>i)' so 'V(>s>^,^^) 
has property P. Similarly, X(^^g ^^-j has property P. D 

4 Fantastacks: Easy-to-Draw Examples 

In this section, we introduce a broad class of smooth toric stacks which are especially easy to handle 
because A^ is a lattice and the fan on L is induced by a fan on A^. 

Definition 4.1. Let S be a fan on a lattice A^, and /3: Z" ^ A^ a close homomorphism so that 
every ray of S contains some /3(ej) and every /3(ej) lies in the support of S. For a cone a € S, let 
a = cone{{ei\l3{ei) E a}). We define the fan S on Z" as the fan generated by all the a. We define 
•^s,/3 = -^g «• Any toric stack isomorphic to some ^s,/3 is called a fantastack. 

Remark 4.2. The cones of S are indexed by sets {cj^, . . . ,ejj.} such that {(3{ei-^^), . . . , (3{ei^,)} is 
contained in a single cone of S. It is therefore easy to identify which open subvariety of A" is 
represented by S. Explicitly, define the ideal 

Js = f Y\ ^« cr € S 

(Note, as in the Cox construction of a toric variety, that Js is generated by the monomials 
riflfe )^(T •^«' where a varies over maximal cones of S.) Then Xg = A" \ V{J's). 
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Remark 4.3. Since /3 is a homomorphism of lattices, C{l3)* can be computed by simply dualizing 
/3. Since /3 is assumed to be close, GS = 0, so Gfs = -D(cok/3*). 

If /: Z*^ — )• cok/3* is the cokernel of /3*, with (^j = /(ej), then we have that ^e,/3 = [(A" \ 
^(Js))/(9i ■■■ 9n)^(cok/3*)] using NotationEZl 

Remark 4.4. Fantastacks are precisely the toric Artin stacks in |Sat09] which have trivial generic 
stabilizers. 

Remark 4.5. The fantastack ^s,/3 has the toric variety Xj^ as its good moduli space, as we will 
show in Example 16.191 (this is also proved in |Sat091 Theorem 5.5]). In fact, a smooth toric stack 
^ is a fantastack if and only if it has a toric variety X as a good moduli space and the morphism 
X —^ X restricts to an isomorphism of tori. 



Example 4-6- Let A^ = and S the trivial fan on N. Let f3: 

the fan of A", and Gp = G"^, so J^s,/? = [A"/G;;]. 



N be the zero map. Then S is 



Example J^.l. By Remark IB. 221 ^-^ly smooth toric variety is a fantastack. If Xy. is a smooth toric 
variety, then we construct /3: Z" — )• S by sending the generators of Z" to the first lattice points 
along the rays of S. Then X^ = -7t;,/3- 

For a general (non-smooth) fan S, one can still construct /3 as above, but the resulting fantastack 
T-^^p is not isomorphic to A^. However, it is the canonical stack over As, a sort of minimal stacky 
resolution of singularities. See Section [H o 

Notation 4.8. When describing fantastacks, we draw the fan S and label /3(ei) with the number 






Example WM Example 14.101 Example 14.111 



Example SH] 



Example 4-9. Since a single cone contains all the /3(ej), we have that Ag = A^ (see Remark 
We have /3 = (1 1) : Z^ ^^ Z, so we compute the cokernel 



/^*=({) 



>z2ii^ 



We see that Ts^js = [A^/( 



1 _l)^m 



] (see Remark 14.3 



Example 4-10. Since a single cone contains all the f3{ei), we have that Ag = A^ (c.f. Remark 14.2 
We compute the cokernel of f3* 



,2 fMiJ]^ ^2 i^ ^/2. 
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Note that /3* can be read off of the picture directly: the rows of /3* are simply the coordinates of 
the /3(ei). 

Therefore, ^s,/3 = [■^'^/(i i)/^2] (c-f- Remark I4.3p . This is a "stacky resolution" of the Ai 
singularity 

^V(i 1)^2 = Spec{k[xi,X2]''^) 

= Speck[xi,xiX2,X2] = Spec[k[x,y,z]/{xy — z )). o 

Example 4. 11. As in the previous examples, Xy is all of A'^. We compute the cokernel of /3* 



Z 



_/i 0^ 

2 ^ liilZ, ^3 (i^ii), 



So J-s,;3 = [AV(i_ii)G„]. 

Note that refining the fan yields an open substack. In this example, consider what happens 
when we refine the fan S to the fan S' below. 




Here G^ is unchanged; indeed, Gp depends only on /3, not on S. However, we remove the 
cone cone(ei,e2) from S'. The resulting stack is therefore the open substack Ty,>,i3 = [{^ \ 
y(xi,X2))/(i _i i)Gm\, which is the blowup of A^ at the origin (c.f. Example 14 .71) . 

The birational transformation BIq{A?) — )• A^ can therefore be realized as the morphism of good 
moduli spaces induced by the open immersion Jt;',/3 -^ -^s,/9- ^ 

Example 4- 12- We have that Xg = A"^. We compute the cokernel 

/o 1^ 
73 



/3*=|101 



SO -7t;,/3 = [^'^/{i -1 1 -i)Gm]- We will see in Section [5] that J-^t,,i3 is the canonical stack over the 
singular toric variety 

Xs = Speck[xi,X2,xs,X4] = Spec A;[2;i3;2,X3X4,xiX4,X2a;3] 

= Spec(A;[x, y, z, w]/{xy — zw)) . 

It can be regarded as a "stacky resolution" of the singularity. 
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Note that the two standard toric small resolutions of this singularity are both open substacks 
of this stacky resolution. 





The fan on the left is [(A'*\F(x2,X4))/(;^ _i i _i)Gm] and the fan on the right is [(A^\y(xi,X3))/^ _i i _^)(! 
These are both toric varieties (c.f. Example I4.7p . o 

4.1 Some Non-fantastack Examples 

Example 4-13- Suppose {ni, . . . ,nk} is a set of positive integers. Let A^ be Z'' © 0j^j^(Z/njZ), L 
be 0, S be the trivial fan on L, and P: L —?■ N the zero map. 

To compute G^, we take a free resolution of C{f3), namely 



Then we see that 



i/0(C(/3)*) = D(G^) = Z' 
HHC{m = D{Gl) = ^{Z/n,Z) 

Therefore, Gp = GJ^ x H/^ni- 

Since X-^ = Specfe, we have that ^e,/3 = BGfs- o 

Example 4-^4 (C-f- \BCS05[ Examples 2.1 and 3.5]). Consider the stacky fan in which L = Z^, 
S = L^ is the subfan of A^ corresponding to A^ \ {0}, iV = Z (Z/2), and /? = (f -^) : Z^ ^ 

^^ — )• Z'^. This map is injective, and its 
and the induced map to Tl = G^ is given by 



Z (Z/2). Then C{fi)* is represented by the map I -3 o 

cokernel is (6 4 -3) : Z^ ^ Z. Therefore, Gp = (i 

t ^ {t^,t^). So -^s,,3 = [(A^ \ {0})/(6 4)G.m]. This is the weighted projective stack P(6,4), or the 

moduli stack of elliptic curves A^i,i. o 

We repeat the previous example to illustrate that it can be realized as a closed substack of a 
fantastack. This approach is explained in the discussion following Definition 12.191 

Example 4-15. Consider the stacky fan in which L = Z^, S =^ is the subfan of A^ corresponding 
to A2\{0}, iV = Z0(Z/2), and/3 = (fo^) : Z^ ^Z0(Z/2). 
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We replace /3 by the quasi-isomorphic map j3' 
S' obtained by adding the cone r. 



10 2 



) -.I?^!?, and the fan S by the fan 







r 


^ 


E = / ' 


V — ^ 


L = I? 


Lez 


P 






/3'= 


4- 




J' 



s' 



'2 -3 0' 

a 2. 



N 



zez 




We see that Xy,',I3' is the fantastack corresponding to the fan on the right. Exphcitly, it is the 
fantastack [(A^ \ V{xi,X2))/ {^q 4 _3)Gm]- The closed substack Xt.,13 is the divisor corresponding to 
the "extra ray," which is numbered 3 in the picture. That is, it is the divisor ^^(^3) = [(A^ \ 

V{xi,X2))/(^Qi)Gm]- O 

5 Canonical Stacks 



The Cox construction demonstrates that any toric stack is the good moduli space of a smooth stack. 
Given a generically stacky toric stack, there is a canonical smooth generically stacky toric stack of 
which it is a good moduli space. The purpose of this section is to construct and characterize this 
canonical smooth stack. 

Given a fan S on a lattice L, the Cox construction [CLSIH §5.1] of the toric variety Xs 
produces an open subscheme U of A" and a subgroup H C GJ^ so that X^, = U/H. That is, so 
that [U/H] — )■ X-£ is a good moduli space in the sense of |Alp08| . We recall and generalize this 
construction here. 

Let (5],/3) be a generically stacky fan. Let S(l) be the set of rays of S. Let M C L be the 
saturated sublattice spanned by S, and let M' C L be a direct complement to M. For each ray 
p G 5](1), let Up be the first element of M along p, and let Cp be the generator in Zp^^' corresponding 
to p. We then have a morphism $: Zr'^-^' x M' — t- L given by {ep,m) 1— > Uq + m. We define a fan 



-P) "I-; '^ "p 

S on iP^^' X M' . For each a G S, we define a G S as the cone generated by {ep\p G cr}. 
morphism of generically stacky fans 



The 




induces a toric morphism Xf, 



S,/3 



-^S. 



Remark 5.1. The usual Cox construction expresses X^ as a quotient of Xg by G$. Applying 
Lemma lA. II (<1> is close by construction), we see that the morphism constructed above is obtained 
by quotienting the morphism [Xy,/G^] — )• Xj^ by the action of G^. This shows that the construction 
above commutes with quotienting Afx;,/3 by its torus (i.e. replacing G/j by Gl^q). 
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Remark 5.2. Moreover, since [Afg/G^] — > X^ is a good moduli space morphism, so is -^g s — > -^s,^ 
by |Alp08[ Proposition 4.6]. 



Definition 5.3. We call Afg s the canonical stack over A's,/?, and we say that the morphism X^ s —^ 
'^T,,I3 is a canonical stack morphism. 

The remainder of this subsection is dedicated to justifying this terminology by showing that 
the canonical stack has a universal property (Proposition 15. 7( ). 

Remark 5.4. The universal property itself is basically useless. There is a more practical universal 
property using the language of log geometry, but a useless universal property is good enough for 
our needs. The only purpose of demonstrating the universal property is to show that the canonical 
stack is uniquely determined by the stack A:i;,/3 together with the torus action (rather than by the 
stacky fan (E, /3)). In particular, if a stack X (with a dense open torus that acts on it) has an open 
cover by toric stacks, the canonical stacks over the open substacks are canonically isomorphic on 
overlaps, so they glue to a canonical stack over X. This will be important in the proof of [GSllb[ 
Theorem 6.1]. 

Lemma 5.5. Let <-fs,/3 be a cohomologically afhne toric stack with n torus-invariant irreducible 
divisors. Suppose /: <-fE',/3' -^ '^s,/3 is a toric surjection from a smooth cohomologically affine toric 
stack with n torus-invariant divisors, which restricts to an isomorphism on tori. Then X-^^pi — ?• A's,/? 
factors uniquely through the canonical stack over As,/?- 

Proof. By Theorem l3.4t we may assume / is induced by a morphism of stacky fans ($,(/>): (S', /3') — )• 
(S,/3). Since / restricts to an isomorphism on tori, cj) must be an isomorphism. 

Since we are only considering torus-equivariant morphisms, we may verify the property after 
quotienting by the action of the torus, so we may assume A^,^ is the quotient of an affine toric 
variety by its torus, and Xj^/^pi is the quotient of a smooth affine toric variety with n-divisors by 
its torus. This identifies A's',/?' as [A^/GJ^], so we may assume S' is the fan of A". We identify the 
first lattice points along the rays of S' with the generators e^ € Z". 

Since / is surjective, the induced morphism E' ^- S is surjective by Lemma IB. 31 Every ray of 
S is then the image of a unique ray of E', since S' has only n rays. Suppose ^{ci) = kiPi. Then 
we see that $ factors uniquely through the canonical stack via the morphism of fans S' — )• S given 
by sending ej to kiep^. D 

Remark 5.6 ("Canonical stacks are stable under base change by open immersions"). The pre-image 
of a torus-invariant divisor of A:'e,/3 is a divisor in its canonical stack. So by the above lemma, 
restricting a canonical stack morphism to the open complement of a torus-invariant divisor yields 
a canonical stack morphism. 

As a corollary, we get the following Proposition. 

Proposition 5.7 (Universal property of the canonical stack). Suppose A's',/?' — >• -^s./s is a toric 
morphism from a smooth toric stack, which restricts to an isomorphism of tori, and which restricts 
to a canonical stack morphism over every torus-invariant cohomologically affine open substack of 
'^T,,p- Then Xj^/^jji is canonically isomorphic to the canonical stack over A:'s,/3- 

Remark 5.8. We will see in Lemma 16.71 that the morphism A'g s — > ^'S,i3 is a good moduli space 
morphism. 
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By Remark IB.221 we see that the canonical stack niorphisni over a smooth toric stack is an 
isomorphism. In particular, this shows that for any generically stacky toric stack Xs^jj, the canonical 
stack is isomorphic to -^s,/? over its smooth locus. Thus, the canonical stack can be regarded as a 
(canonical!) "stacky resolution of singularities." (c.f. Examples 14.101 and l4.12p 

By Remark 15.61 the definition of a canonical stack morphism can be extended to stacks which 
are only locally known to be toric stacks. This will be important in |GSllb| . where we prove 
that certain stacks are toric by showing that they are locally toric, that their canonical stacks are 
(globally) toric, and that the property of being toric can be "descended" along canonical stack 
morphisms. 

Definition 5.9. Suppose <Y is a stack with an open cover by generically stacky toric stacks with 
a common torus. A morphism from a smooth stack y —^ X is a canonical stack morphism if it 
restricts to canonical stack morphisms on the open toric substacks of X. 

6 Toric Good Moduli Space Morphisms 

6.1 Good Moduli Space Morphisms 

In |Alp08| , Alper introduces the notion of a good moduli space morphism, which generalizes the 
notion of a good quotient in geometric invariant theory and is moreover a common generalization 
of the notion of a tame Artin stack [AOV08J and of a coarse moduli space |KM97j . 

Definition 6.1. A quasi-compact and quasi-separated morphism of algebraic stacks /: X —^ y is 
a good moduli space morphism if 

• (/ is Stein) the morphism Oy — )• f^^Ox is an isomorphism, and 

• (/ is cohomologically affine) the pushforward functor /=„ : QCoh(C';f) — > QCoh(C'3;) is exact. 

Remark 6.2. An algebraic stack X is said to be cohomologically affine if the structure morphism 
X —^ Spec k is cohomologically affine. This is in agreement with Definition IB. II If a toric variety 
X(j is an affine toric variety and G/j is an affine group, then [X^/Gp] — t- Spec/c is cohomologically 
affine by |Alp08 Proposition 3.13]. 



Conversely, suppose <Ye,/3 = [X-^/Gp] -^ Spec/c is cohomologically affine. Since Xs is affine 
over X^^is (because it is a G/3-torsor), we have that X-^ — >• Specfc is cohomologically affine, so Xs 
is affine by Serre's criterion [EGAl Corollary 5.2.2]. It follows that S is a single cone. 

Our goal in this section is to prove the following theorem which characterizes toric good moduli 
space morphisms: 

Theorem 6.3. Let (<I>, (p) : (S, /3: L -^ N) — > (S', j3' : L' ^ N') be a morphism of generically stacky 
fans with (3 close. The induced morphism X-^^fi -^ X-^i^pi is a good moduli space morphism if and 
only if 

1. For every a' € S', the pre-image ^~^{a') is a single cone cr € S with ^{(t) = a' . In particular, 
the pre-image of the zero cone is some cone t ^Ti, and the pre-image of any other cone has 
T as a face. Let r^^ denote {L n r)^^. 

18 



2. T is unstable {see Definition\62 

3. (j) is surjective, and 

4. the inclusion /3(rSP) C keKJ) is close. 

This result is proved in N6.2l through several lemmas. See N6.3l for examples of toric good moduli 
space morphisms. 

6.2 Proof of Theorem EH 

In this subsection, we gather several lemmas which help to characterize toric good moduli space 
morphisms. We end the subsection with a proof of Theorem | 



Lemma 6.4. For z = 0, 1, let {^i, (pi) be a morphism of generically stacky fans. Then ($0 ^^i,4'o^ 
<J3i) induces a good moduli space morphism of generically stacky toric stacks if and only if each 
($i,(/)i) does. 

Proof. Good moduli spaces are stable under composition (this follows quickly from the definition) 
and base change |Alp08 Proposition 4.6(i)], so the result follows from Proposition 13. 5i D 



Lemma 6.5. If / : X — )• y and g : y ^ Z are morphisms of algebraic stacks and / is a good 
moduli space, then ^r is a good moduli space if and only \i g o f is. 

Proof. As mentioned above, \i g \s a, good moduli space, then g o f is. For the converse, note 
that g>tOy = g*f*Ox = (g ° f)*Ox = Oz, so g is Stein. To see g is cohomologically affine, first 
note that for any quasi-coherent sheaf F on y, we have Rf^,f*F = F (^ Rf^Ox = F . Therefore, 
Rg.F = R{g o f\f*F = {g o f\f*F = g,F. U 

Throughout the rest of this subsection (until the proof of Theorem 16. Sp , we use the following 
setup. We have a morphism of generically stacky fans ($,</>): (c, /?: L — >• N) — >• {a' , P' : L' — )• A^), 
where a is a single cone on L, and a' = ^(c). 




Lemma 6.6 ("Characterization when target is a toric variety"). If /? is close and /3' is an isomor- 
phism, the induced map Xu^js — )■ X„' is a good moduli space morphism if and only if every A G N* 
which is non-negative on a is of the form </>*(A') for a unique A' G N'*. 

Proof. Since Xa- = Spec /c[(7^nL*] and X^ji = Spec k[a''^r\L'*] are affine and Gjs is linearly reductive, 
the induced map -^((j),,/,) is a good moduli space morphism if and only if k[a''^ fl L'*] -^ k[a'^ n L*] is 

the inclusion of A;[(T^ n L*]'^'^ = kla"^ D L*]^i^ (this last equality holds because G^ acts trivially on 
X(j). That is, if vr : L* — > D{GV) is the map defining the action of G\ on T^, then Xi^,p\ is a good 
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moduli space morphisin if and only if for every fj, £ L* such that vr(/i) = and /i is non-negative 
on a, there is a unique /i' G L'* which is non-negative on a' such that /i = <I>*(/i'). 

Suppose first that '^(<j),</,) is a good moduli space morphism. If A G N* and /3*(A) is non-negative 
on a, then we see there is a unique A' G N'* such that $*/3'*(A') = /3*(A). Since $*/3'*(A') = /3*(/)*(A') 
and (3* is injective (as /3 is close), we see A = (p*{X'). 

Conversely, suppose that every A G N* which is non-negative on a is of the form 0*(A') for a 
unique A' G N'*. Choose a free resolution 

and a lift B : L ^ Z^ of (3. Then D{G\) is the cokernel of (BQ)* and vr is the composition 

L* ^L*(B {Zy -^ D{G}). 

If /i G kervr, then there exists A G (Z'')* such that fj, = B*{X) and = Q*{X). Therefore, A G N* 
and /i = ^*{X). So, we see that if /i G L*, then 7r(/i) = if and only if /i = /3*(A) for some A G iV*. 
Note that A is necessarily unique as /3 is close. If fj, is non-negative on a, then by hypothesis, 
A = 0*(A') for a unique A' G A^'*. To conclude the proof, note that since $(o") = a', an element 
fi' G A^'* is non-negative on a' if and only if ^*{fi') is non-negative on a. D 

Lemma 6.7 ("Isomorphism on tori implies CMS"). Suppose (j) is an isomorphism and /3 is close. 
Then Xf,.^p — > <^(j',/3' is a good moduli space. 

Proof. First we reduce to the case where $ is close. Let L" be the saturation of ^{L) in L', let /3" be 
the restriction of /3' to L", and let cr" be the cone a', regarded as a fan on L". By assumption (i.e. the 
case where $ is close), the induced morphism X^js — > Afg-z/^^// is a good moduli space morphism. 
Note that since /3 is close, so is /3", so by Lemma [6.141 the induced morphism -^o-",/?" — >• '^o-',/3' is 
an isomorphism. Therefore the composition Af^-^ — )• Afo-/^/3' is a good moduli space morphism. 

Now we consider the case when $ is close. By Lemma lA. 11 G/? is an extension of G/3' by G$. 
The induced map is then [X^/Gp] = [[X^/G^]/Gp>] -^ [X^^/Gp']. By LemmaESl [X^/G^] -^ X„, 
is a good moduli space. Since the property of being a good moduli space can be checked locally in 
the smooth topology (even in the fpqc topology, |Alp08 Proposition 4.6]), [Xfj/Gj^] — ?■ [X„i /Gpi] 



is a good moduli space. D 

Definition 6.8. We say that a cone r of a generically stacky fan (S,/3: L —^ N) is unstable if 
every linear functional N ^^ Z which is non-negative on the image of r vanishes on the image of r. 

Here are two equivalent formulations of Definition 16. 8t a) r is unstable if and only if the relative 
interior of the image of r in the lattice N/Nto^- contains 0, b) r is stable (i.e. not unstable) if rnker/3 
is contained in a proper face of r. 

Lemma 6.9 ("Quotient of a CMS is a CMS"). Suppose /3 (resp. (3') factors as L ^ iVo ^ A^ 
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(resp. L 



'%K^ 



N'). Suppose (pQ-. Nq ^ Nq makes the following diagram commute. 



a ■ 
L 



' a 



^V 



Po 



P'o 



N.^^Nk 







-^N' 



N- 
Suppose 

1. /3o and /3q are close, 

2. ker/3i and ker/3j are free, 

3. (pQ induces an isomorphism between ker/3i and ker/3[, and 

4. (j) induces an isomorphism between N/'noaf3i and N'/iinl3[. 

Then ,^0-^3 — > <^(j',/3' is a good moduli space if and only if X^^^/jg -^ -^o-'./^' is a good moduli space. 



Proof. The first two conditions, together with Lemma lA.ll imply that the rows in the following 
diagram are exact. 

> Gi3^^ > 0/3 > Gfs-^ !■ 



G 



P', 



■ Gri 



-^Gl3[ 



-^0 



The last two conditions imply that the induced morphism C(/3i) — )■ C(/3[) is a quasi-isomorphism, 
which implies that the rightmost vertical map is an isomorphism between G^^ and G^' . Therefore, 
the morphism A'o-,^ — ['^a,i3o / G /3-^] — )• ['^a',i3' /Gpi] — Xa-'^/3' is the quotient of the morphism Afo-,^o ~^ 
Xa',p' by G^j = Gpi . Since the property of being a good moduli space can be checked locally on 
the base in the smooth topology |Alp08 Proposition 4.6], r^o-,/3 — ^ '^ct',/?' is a good moduli space if 
and only if X^^ji^ -> -^cr' ,13'^ is- □ 

Lemma 6.10 ("Removing trivial generic stackiness is a GMS"). Suppose N = N' (B Nq and that 
/3 factors through N'. Let L' = L. Then [X^/Gis] -^ [Xg-'/G/?/] is a good moduli space. 

Proof. We have that /3 = /3'eO: L®0 ^ N' QNq, so G/s = G/s'^Gq, where Gq acts trivially on X^. 
The map [Xa-/Go] — > X^j is then a good moduli space, so [Xa/Gp] = [[Xo-/Go]/G^'] -^ [X^/Gpi] 
is a good moduli space. D 
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Proposition 6.11. Letr he an unstable face of a, and letr^^ denote (Lnr)^P. Suppose L' = L/t^^ 
and N' = N/I3[t^^). Then (<&,(/') induces a good moduli space morphism. 



a ■ 



L- 



-^ a' = a JT 



^L/t^ 



/3 

iV^^A^//3(rSP) 

Proof. Consider the following diagram, in which the rows are exact. We define K = ker(TSP 
/3(rgP)). 

■ a /t 




The top right square induces a good moduli space morphism by Lemma [6.6l Indeed, if A € [L/K)* 
is non-negative on o", then it is on r, as r is unstable. Hence, A is induced from a unique element 

of {L/T^py. 

Note that ker/3i = (ker/3)/if is free since K is saturated in ker/3 by construction. Applying 
Lemma [6.9l completes the proof (the conditions on kernels and cokernels follow from the 5-lemma). 

D 

Lemma 6.12 ("Removing finite generic stackiness is a GMS"). Suppose kerc/; = A'^o is finite and 
(f) is surjective. Let V = L. Then [X(j/Gp\ — )• [Xfji /Gpi] is a good moduli space. 



Proof. Consider the left-hand diagram with exact rows 




G 



Po 



Gf-, 



-^O' 



^Tl-^ 



G, 



Tl 



->0 



-^0 



Since A'^o is finite, /3o is close. By Lemma lA. 2) we get the induced right-hand diagram with exact 
rows. In particular, the action of Gp^ on Aq- is trivial, so the map [Xa/Gp^] -^ X^ is a good moduli 
space. Thus, the map [Xa/Gp] = \[Xcr/GpQ]/Gpi~\ -^ [Xa/Gpt] is a good moduli space map. D 

Lemma 6.13. If /: G — ?• H is a, morphism of algebraic groups, then the induced morphism 
BG -^ BH is a good moduli space morphism if and only if / is surjective and K = ker(/) is 
linearly reductive. 
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Proof. We have that Speck — > BH is a smooth cover, so by |Alp08 Proposition 4.6], BG — )■ BH 



is a good moduh space morphism if and only BG xbh Spec A; = [H/G] — >■ Spec A; is. Since [H/G] 
BK X H/im(f), the structure map to Speck is a good moduh space morphism if and only if 
H = im(/) and K is linearly reductive. D 

Lemma 6.14. Suppose L = L' = and that N and N' are finite. Then Af($ (^) is a good moduli 
space morphism if and only if (p: N —^ N' is surjective. 

Proof. For f3: ^ N with N finite, we have that Xq^^ is naturally B{D(Ext'^{N,Z))). By Lemma 
16.131 we have that '^($,(/,) is a good moduli space morphism if and only if cp induces a surjection 
D{Ext^{N, Z)) -^ D{E-x.t^{N', Z)), which occurs if and only if it induces an injection Ext^(iV', Z) -^ 
Ext (A^, Z). We claim that this is equivalent to surjectivity of 4>. 

Indeed, for a short exact sequence of finite abelian groups 

0^ A-^ B^C -^0 

we get a short exact sequence 

-^ Ext^(C,Z) -^ Ext^{B,Z) -^ Ext^(^,Z) -^ 0. 

So if (/) is surjective, the induced map Ext {N', Z) -^ Ext [N, Z) is injective. Conversely, if (p is not 
surjective, then it has a non-trivial cokernel G. We then have that the induced map Ext (A^', Z) — > 
Ext^ {N, Z) factors as 

Ext^(A^',Z) -^ Ext^(im(/.,Z) -^ Ext^(A,Z) 

and the kernel of the first map is Ext (C, Z), which is non-canonically isomorphic to C, so Ext {N' , Z) 
Ext {N, Z) is not injective. D 

Proposition 6.15. Let r be the preimage cone ^~^{0). If (3 is close, then ($,</>) induces a good 
moduli space morphism if and only if 

1. T is unstable, 

2. (j) is surjective, and 

3. the inclusion (3{t^'^) C ker0 is close. 

Proof. Assume first that conditions 1-3 hold. To show that Xr^j,\ is a good moduli space morphism, 
we factor ($, 4>) as follows, and show that each square induces a good moduli space morphism. 

a » a/r > a/r » a' 

L > L/t^p ^^= L/rSP > L' 

N > A//3(TgP) > N' ^=^ N' 

By condition 1 and Proposition 16. Ill the left square induces a good moduli space morphism. By 
condition 3 and Lemma I6.12| the middle square induces a good moduli space morphism. Lastly, 
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condition 2 and the fact that j3 is close shows that o /3 is close. Hence, /3' is close, so Lemma 16.71 
shows that the right square induces a good moduli space morphism. 

Conversely, suppose ^[■^^4,) is a good moduli space morphism. Base changing '^((j),,/,) by the 
stacky torus of X(j',i3'^ we see that the following map of stacky fans also induces a good moduli 
space morphism 

r »0 



L- 



^V 



/3' 



N- 



By Lemma 16.61 the right square in the following diagram induces a good moduli space morphism, 
and so the composite map induces a good moduli space morphism 



L 



N- 



-^0- 



H' 



-40 






■■N' 



Another application of Lemma 16.61 (to the composite) shows that every linear functional on A^ 
which is non-negative on r must be induced from A', and is therefore on r. This shows that r is 
unstable. 

Consider the following factorization of (<!>,(/') 



r ■ 
L 



— »0' 



gp 



fi 



N > N/f3{TSP) 



-^0 

-4 A' 



Proposition 16.111 shows that the square on the left induces a good moduli space morphism. Then 
by Lemma 16.51 the square on the right also induces a good moduli space morphism. Thus, we may 
assume a and a' are the zero cones. In this case, we must show that (p is surjective with finite 
kernel. 

The good moduli space of X^^p is Cartier dual to (SatAr /3(L))/Ator by Lemma ESI We have 
that A and A' have the same rank and that cj) induces an isomorphism modulo torsion. Choose 
decompositions 

A = Ator©Aj and A' = A^ A/^, © A} 

where Ator and A^'^j. are torsion, Nf and N'r are free, and Ag is a direct compliment to Sat^v' /3'(L'). 
This can be done so that (j) = (po (B (pfy where 



Let /3 = Aor ePf. L 



</>o : A^tor ^ A^ © A/„, and </>/ : Nj 
Ator © Nf and similarly let j3' = ^'q® py. L' 



A}. 



(A^ffiAt'JffiA' 
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By Proposition IB. 171 the following squares induce isomorphisms of stacky tori: 



L 



^L 



L 



Oeid 



00/3/ 



N-- 



(/9tor,/3/) 

Ntor e Nf = Ntor © Nf 

Hence, we see Xq^^ = Xq^^n^^^ x X^^. and similarly for Xq^^i. Moreover, we see that '^($,0) is the 
product of morphisms <Y( 



o,/3/ 



X(\ ai and X{ 



^Q,P't 



f 



Ofi^Nto 



'^Ofi^N' <sN' ■ By Lemma 16. 4t each of these 



morphisms must be a good moduli space morphism. The first is a morphism of (non-stacky) tori, 
so it must be an isomorphism. Since the latter morphism is a good moduli space, Lemma 16.131 
shows that cpo is surjective, and in particular, A'^^ = 0. Therefore, (p = (po (B 4>f is surjective with 
finite kernel ker (p = ker (po. D 

We now turn to Theorem 



Proof of Theorem \6.3[ For a' € S', let X^-/ be the open subscheme of X-^' corresponding to a'. The 
property of being a good moduli space can be checked Zarsiki locally on the base, so it is equivalent 
to checking that [X^-i(^^/-^/G(s] -^ [X„i /Gpi] is a good moduli space morphism for each a' G S'. 
Therefore, by Proposition 16.15] the four conditions in Theorem 16.31 imply that '^s,/3 — ^ -^e',/?' is a 
good moduli space morphism. 

Conversely, if [X^~n^^,-^/Gp\ -^ [X^i /Gpi] is a good moduli space morphism, then [X^-i^^/^/G^] 
is cohomologically affine since it is cohomologically affine over a cohomologically affine stack. So 
$~^(c7') is a single cone a € S. Good moduli space morphisms are surjective |Alp08 Theorem 
4.14(i)], so by Lemma [B. 31 ^(o") = a' . Proposition 16.15] then shows that conditions 2-4 of Theorem 

hold as well. D 



6.3 Examples 

Example 6.16. Consider the morphism [A? / 1^ i\^ 
stacky fans 



n 



(1-1) 



Spec A: induced by the following map of 



-^0 



Theorem 16.31 shows that this is a good moduli space morphism. Note that the unstable cone r (the 
2-dimensional cone) corresponds to the origin in A^. o 
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Example 6.17. Theorem 16.31 shows that the map 




of stacky fans induces the good moduh space morphism [A^//i2] -^ A^//i2 — A^. Here r = 0, so it 
is unstable; the other conditions of Theorem 16.31 clearly hold. o 



Example 6.18. Theorem 16.31 shows that the Cox construction of a toric variety is a good moduli 
space, and more generally that canonical stack morphisms are good moduli space morphisms. For 
example, applying Theorem 16.31 to the map 



1 M 

2) 




tells us that the toric variety on the right, the Ai singularity, is the good moduli space of [h? / ^2 



Exam,ple 6.19. As a special case of Theorem 16.31 we recover |Sat091 Theorem 5.5], which states 
that the fantastack ^s,/3 has the toric variety X^ as its good moduli space. Given a fan S on a 
lattice A^, let /3 : Z" — )■ A^ and S be as in Definition 14.11 Then Theorem 16.31 shows that the map 
induced by 

S ^S 




is a good moduli space morphism, as desired. o 

It is often useful to think about a toric stack as "sandwiched" between its canonical stack and 
its good moduli space (if it has one) . In this way, we often regard a toric stack as a "partial good 
moduli space" of its canonical stack, or as a "partial stacky resolution" of its good moduli space. 

Exam.ple 6.20. Consider the stacky fan (5],/3) shown in the center below. On the left we have the 
stacky fan of the corresponding canonical stack (see ^. On the right we have a toric variety. By 
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Theorem (631 the two morphism of stacky fans induce good moduh space morphisms of toric stacks. 



a 



"(o 4y 



MSD 



.(10 



2, 



id 



(1 0\ 
lo 21 



id 



id 



We can easily see that Xy, is the Ai singularity A^/^ i)/U2, and that Gp is /i2, but it is easiest to 
describe the action of ^2 on Xy. in terms of the canonical stack. 

The canonical stack is A'g s = [A^/( ^ ^ )^4]. We get the induced short exact sequence (c.f. Lemma 



0- 
0- 



-+G$ 



G? 



^Gp 



->/"2' 



-^^l^. 



-i-fJ'2' 



-^0 
-^0 



We can therefore express X^^/s as [(A^/;U2) / (/W4//W2)]- We can view this either as a "partial good 
moduli space" of -^g s = [A^/^ _]^)/i4], or as a "partial stacky resolution" of the singular toric 
variety X^' = A^/(i _i)/^4. o 

Example 6.21. Here is another interesting example of a non-smooth toric stack which is not a 
scheme. Consider the stacky fan (S,/3) shown in the center below. On the left we have the stacky 
fan of the corresponding canonical stack (see ^. On the right we have a toric variety. By Theorem 
16.31 the two morphisms of stacky fans induce good moduli space morphisms of toric stacks. 



Mgi) 




Like the previous example, -^s./^ is a quotient of the Ai singularity X-^ = A^/(^ ^)/i2 by an action 
of /i2- The canonical stack over it is Afg 3 = [A^// 1 ^ (/^2 x /^2)] 1 and it is the "partial good moduli 

space" [(A^/(^ i)/U2)/((/U2 x /^2)/(i i)/U2)]- The toric stack <^e,/3 has A^ as its good moduli space. 
In Example 14. 10^ we constructed a stack which "resolves the Ai singularity by introducing 
stackiness." In the same informal language, this example introduces a singularity at a smooth 
point of A^ by introducing stackiness. o 
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Example 6.22. Let (3 : Z'^ -^ Z < 
Theorem 16.31 applied to 



shows that [A^/Gm x /i2] 
generic stackiness. 



Ii/2 be the map /3{x,y) = {x — y,0). Letting (p be the projection, 



M 



z e z/2 ■ 



-^0 



■Z/2 



Bfi2 is a good moduh space morphism. Note that this map introduces 



7 Moduli Interpretation of Smooth Toric Stacks 

A morphism /: y — )■ F" is equivalent to the data of a line bundle C = /*C'pn(l) and a choice of 
n + 1 sections Oy^ — )■ C which generate £. Cox generalized this moduli interpretation to smooth 
toric varieties |Cox95j . and Perroni generalized it further to smooth toric Deligne-Mumford stacks 
|Per08| ■ The main goal for this section is to generalize it further to smooth generically stacky toric 
stacks. 

In fact, we will see (Remark 17. 1U|) that smooth generically stacky toric stacks are precisely the 
moduli stacks parametrizing tuples of generalized effective Cartier divisors |iBV10|, Example 2.5a] 
satisfying any given linear relations and any given intersection relations. 



Proposition 7.1 ( [SGA31 Expose VIII, Proposition 4.1]). Let G be a diagonalizable group scheme, 
and Y a scheme. Suppose A is a quasi- coherent sheaf of algebras on Y , together with an action of 
G [i.e. a grading A = ®y^£)(Q\ A^. Then Specy A is a G-torsor if and only if 

• A^ is a line bundle for each x G D{G), and 

• the homomorphism induced by multiplication Ay. f^OY -^x' ~^ -^x+x' ^-^ ^'^ isomorphism. 
Since any G-torsor is affine over Y, it is clear that any G-torsor is of this form. 

Notation 7.2. Given a collection of line bundles Ci, . . . ,Cn £ Pic(y) and a = (ai, . . . , a„) G Z", 

let C^ = Cf"^ ^ ■ ■ ■ C^"" . 

Let f3: Z" — )■ A^ be the close morphism of lattices so that G^ = G CI GJ^. Then we have the pre- 
sentation A^* — > Z" — > D{G) —7- 0. A quasi-coherent Oy-algebra as in Proposition 17. II is therefore 
equivalent to a collection of line bundles £i, ...,£„£ Pic(y) with isomorphisms c^ : Oy — > C^*^"^' 
for -0 G A^*, such that c^ (g) c^/ = c^+^/ : c^'W+l^'i^') ^ Oy ® Oy = Oy. 



Definition 7.3. Suppose S is a subfan of the fan of A", and (3: Z" 
morphism. A [Ti, (3) -collection on a scheme Y consists of 

• an n-tuple of line bundles (£i, . . . , £„), 



A^ is a close lattice homo- 
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• global sections Si G H^{Y,Ci) so that for each point y & Y, there is a cone a G E so that 
Si{y) 7^ for all ej a. 

• trivializations c^ : Oy — > J~- ^ ' for each -0 € A^* , satisfying the compatibility condition 

An isomorphism of (S, /3)-collections is an n-tuple of isomorphisms of line bundles respecting the 
associated sections and trivializations. 

Remark 7.4. Note that since A^* is a free subgroup of Z", it suffices to specify c^ where ip varies 
over a basis of A^*. If specified this way, the isomorphisms do not need to satisfy any compatibility 
condition. Different choices of these trivializations are related by the action of the torus (see Remark 
I7.8p . so we often suppress the trivializations. 

Remark 7.5. A line bundle with section is a generalized effective Cartier divisor. If the section 
is non-zero, the vanishing locus of the section is an effective Cartier divisor. Therefore, a (E,/3)- 
collection can be defined as an n-tuple of generalized effective Cartier divisors (-Di, . . . ,-D„) such 
that ^ ttiDi is linearly equivalent to zero whenever (ai, . . . , a„) G A^* and such that Di^ n. . . , Di^ = 
whenever e^^ , . . . , ej^. do not all lie on a single cone of S. Here we are suppressing the trivializations 
as in Remark 17.41 

Remark 7.6. Given a morphism Y' ^Y and a (S,/3)-collection on 1", we may pull back the line 
bundles, sections, and trivializations to produce a (S,/3)-collection on Y' . This makes the category 
of (S,/3)-collections into a fibered category over the category of schemes. 

Theorem 7.7 (Moduli interpretation of smooth <Ye,/3)' Let T, be a subfan of the fan for A", and 

let 13: W/^ ^f N be close. Then Xy.,i3 represents the fibered category of (T,, /3)- collections. 

Proof. A morphism /: y — )■ [A"/G^] consists of a G_g-torsor P — > y and a G^-equivariant mor- 
phism P ^> A". By Proposition l7.lt the data of a G/j-torsor is equivalent to a D(G/3)-graded quasi- 
coherent sheaf of algebras A such that A^ is a line bundle for each x ^ DiGp)- A G/3-equivariant 
morphism P — )• A" is then equivalent to a homomorphism of ©T-algebras ©aeN" ^T -^ A which 
respects the L'(G^)-grading (the L'(G^)-grading on the former algebra is induced by the Z"-grading 
and the homomorphism </): Z" ^ D{Gp)). This is equivalent to homomorphisms of OT-modules 
Si'. Ot —> A^(ei)- Under this correspondence, the vanishing locus of Si is the pre-image [A"~ /Gp], 
where A"~ is the i-th coordinate hyperplane. In particular, (^^(gi); • • • > -^</i(e„)) •5i, . . . , s„) (along 
with the implicit trivializations) form a (S,/3)-collection if and only if / factors through the open 
substack Xt,,p- 

It is straightforward to verify that the above correspondence induces an equivalence. D 

Remark 7.8. Carefully following the construction in the proof shows that the action of the torus is 
as follows. Suppose A^* C Z"' is the sublattice of trivialized line bundles. Then the trivializations 
c^ have natural weights of the torus T = IIomgp(A^*, Gm) associated to them. T acts on the 
trivializations via these weights. 

Remark 7.9. This moduli interpretation is stable under base change by open immersions. Suppose 
a morphism Y — )• Xt.,13 corresponds to the (S,/3)-collection {Ci,Si,c^). Let S' be a subfan of S. 
Then the pullback Y' = Y x^^^ -^s',/? is the open subscheme of Y where a subset of sections 
may simultaneously vanish only if S' contains the cone spanned by the rays corresponding to those 
sections. 
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Remark 7.10. As a sort of converse to Theorem 17.71 note that any set of intersection relations 
among an n-tuple of generahzed effective Cartier divisors (i.e. any specification of which subsets of 
divisors should have empty intersection) determines a subfan S of the fan of A". Furthermore, anjQ 
compatible collection of trivializations determines a subgroup N* = {a G Z"|£^ is trivialized}. The 
dual of the inclusion of N* is a close homomorphism /3: Z" — )• iV. Then <-tx;,/3 is the moduli stack 
of n-tuples of generalized effective Cartier divisors with the given intersection relations and linear 
relations. 



7.1 Examples 



The simplest examples to describe are fantastacks. See Notation 14.81 and Examples l4.9fflTT2] for an 
explanation of the notation used below. 

Remark 7.11. Any smooth toric stack contains an open substack which has a toric open immersion 
into a fantastack. Remark 17.91 therefore allows us to understand the moduli interpretation of non- 
fantastack smooth toric stacks by appropriately modifying the intersection relations. 

Remark 7.12. We explicitly obtain linear relations by choosing a basis for A^*. For each basis 
element ^jJ, we get a trivialization of C^ ^"^K That is, we get trivializations of the divisors whose 
coefficients appear in the rows of /3* . 





Example 17.131 



Example [TTTil 



Example 17.151 



We follow the less formal approach to (S,/3)-collections explained in Remark 17.51 

Example 7.13. A morphism to the leftmost stack is a choice of three generalized effective Cartier 
divisors Di, D2, D3 such that Di n D2 Ci D^ = (because no cone contains all three dots), and so 
that Di — D3 ^ and D2 — D^ ~ (because (3* = ( J 1 -i )j see Remark 17. 12p . Here, denotes 
the empty divisor. 

In other words, it is a choice of a line bundle and three global sections that do not all vanish at 
any point. This is the usual description of morphisms to P^. o 

Example 7. 14. A morphism to the middle stack is a choice of two generalized effective Cartier 
divisors Di and D2 so that Di + D2 ^ (because /3* = (1 1); see Remark I7.12p . Notice two 
particular morphisms from A^ to this stack; one given by setting Di = and D2 = 0, and 
another by setting Di = and D2 = 0. Indeed, the open substack where we impose the condition 
Di n D2 = is the non-separated line. o 



■'There is one required relationship between the intersection relations and the trivializations. Namely, if the 
intersection of a single Cartier divisor is required to be empty (i.e. if the corresponding section of the line bundle is 
nowhere vanishing), then the line bundle must be trivialized. That is, if the intersection relations explicitly require 
the section to trivialize the line bundle, then it must be trivialized. 
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Example 7.15. A morphism to the rightmost stack is a choice of two generahzed effective Cartier 
divisors Di and D2 so that Di + D2 ^ and 2D2 ^ (because /3* = (02)' ^^^ Remark l7.12p . 
Since there is a single cone that contains aU the dots, there is no intersection condition on Di and 
D2. Notice that two such divisors satisfy the relation necessary to specify a map to the stack in 
Example 17.141 so this stack has a morphism to the stack in that example. o 

7.2 Generically Stacky Smooth Toric Stacks 

In this subsection we use the moduli interpretation to show that any smooth generically stacky toric 
stack is an essentially trivial gerbe over a toric stack.Suppose Y -^ '^T.,13 = [Xt./Gi3\ is the morphism 
to a smooth toric stack corresponding to the (S,/3)-collection {Ci,Si,c^). It factors through the 
closed substack corresponding to the j-th coordinate hyperplane of A" if and only if Sj = 0. 
Theorem 17.71 (together with Remark I2.22p therefore gives us the following moduli interpretation of 
generically stacky smooth toric stacks. 

Corollary 7.16 (of Theorem 17. 7p . The generically stacky smooth toric substack Z of Xt,,p corre- 
sponding to a coordinate subspace H of A" has the following moduli interpretation. Morphisms 
Y ^ Z correspond to (S, /3)-collections on Y in which we require that Sj = if -fT does not contain 
the j-th coordinate axis. 



m 



Definition 7.17. Suppose /C is a line bundle on a stack X and 6 is a positive integer. The root 

jduct in the follo-v 

^/K/X >BG^ 



stack yK/X is defined as the fiber product in the following diagram, where the map X — >■ 5G. 
is the one induced by /C 



"m 



X 

The map "6 : BGm — )• BGm is given by sending a line bundle to its 6-th tensor power, induced by 
the group homomorphism G^ -^ G^ given by t 1— > t^. 

If ^ = (/Ci, . . . ,lCr) is an r-tuple of line bundles and b = (61, . . . , 6,.) is an r-tuple of positive 
integers, we similarly define Xf^JX as X Xbg^„ BG^, where the map X — > BG^ is induced by 
the tuple (/Ci, . . . ,}Cr) and the map'b: -BG^ -^ BG"^ is induced by the homomorphism G^ — )■ G^ 
given by (ti, . . . , tr) 1— >• {t^^ , . . . ,t^/). It is straightforward to check that yKjX is the fiber product 
of the "i/lQ^ over X. 

Remark 7.18. Explicitly, a morphism from a scheme (or stack) Y to the root stack ^JlC/ X is a 
morphism f -.Y —> X^ an r-tuple of line bundles (£1, . . . ,Cr)^ and isomorphisms Cf ' = /Cj. 

Definition 7.19. We say that Af — )■ 3^ is an essentially trivial gerbe if X is of the form i?(G^) x 

Proposition 7.20. Let Z be a smooth generically stacky toric stack. Then Z is an essentially 
trivial gerbe over a toric stack. 

Proof. Suppose Z is a closed torus- invariant substack of a toric stack ^e,/3i with T, a subfan of the 
fan of A" (this is possible by Remark 12. 22p . Let Pi, ... , D„ be the torus-invariant divisors of -^s,/?- 
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Without loss of generality, Z = ViH- • -nVi. By Corollary 17. 161 Z is the stack of (E, /3)-collections 
where Sj = for 1 < i < I. 

Let E' be the restriction of E to the sublattice Z"^' C Z" given by the last n — / coordinates, 
let N'* = Z"-~' n A^*, and let /3' : Z""' -^ N' be the dual to the inclusion. For each i between 1 and 
/, let bi be the smallest positive integer (if it exists) so that (0, . . . , 0, 6j, 0, . . . , 0, ai^i+i, . . . , aj^„) G 
A^*. Without loss of generality, we may assume these integers exist for 1 < i < r. Define /Cj = 

Suppose {Ci,Si,c^) is a (E,/3)-collection on a scheme such that Sj = for 1 < z < /. Then the 
last n — I line bundles with sections form a (E',/3')-collection, the line bundles Ci for r < i < I 
satisfy no relations, and for 1 < i < r, we have isomorphisms £^' = /Cj. Therefore, a morphism to 
Z is precisely the data of a morphism to B{G'-~^) x '•'''^•■■■''"'■^^{ICi, . . . , ICr) / ^t:' ,i3' ■ □ 



Appendix A: Short Exact Sequences of G^s 



In this appendix, we prove two results which allow us to relate the groups of Definition 12.171 The 
basic advantage of expressing a group G as an extension of a quotient H hy a normal subgroup 
N is that any quotient stack [^/G] can be identified with [[X/A^]//:/^] . This trick is used heavily 
throughout the papers. 

We refer the reader to |GM96j for the relevant homological algebra. 

Lemma A.l. Suppose L, L', and N' are finitely generated abelian groups. Suppose $: L ^ L' is 
close and /?' : L' — )• A^' is a homomorphism. Suppose ker $ and ker /3' are free. Then we have the 
following diagram, in which the rows are exact and the morphisms to D{L*) and D{L'*) are the 
ones described immediately after Definition I2.17[ 



0- 



-^Gq, 



^G 



/3'o$ 



0- 



-^ Gq, > D{L* 



^G 



-^0 



/3' 



^D{L'*) >0 



Proof. By the octahedron axiom, the commutative triangle L ^ L' —^ N' induces an exact triangle 
on cones C(<I>) —?■ C{f3' o $) ^ G{/3') — > C(<1>)[1]. This induces an exact triangle of duals, which 
induces the long exact sequence of homology groups 

^ D{G%) ^ D{G%,^) ^ D{Gl) ^ D{Gl,) ^ D(GL„$) ^ D{Gi) ^ 0. 



Since $ is close, D{G^) = 0. We therefore get the diagram with exact rows 



0- 
0- 



-^O' 



-^Gl 



"^ ^/3'o$ 



Ga, 



0<I) 



-.G% 



^G}, 



->0 



-^0 



-^ Gq, > D{L* 



-^D{L'*) 



->0 



D 
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Lemma A. 2. Suppose we have the following commutative diagram, in which the rows are exact, 
in which Lq, L, L' , Nq, N, and N' are finitely generated abelian groups, and ker/3o, ker/3, and 
ker/3' are free. 

> Lq > L > V > 




Suppose /3o is close. Then the top row in the following diagram is exact. 

> 0/3^ !■ Gi3 > 0/3/ > 







-^ D{L*q) > D{L*) > D{L' 



-^0 



Proof. We are given a short exact sequence — )• C(/3o) -^ C{f3) — > C{/3') — >■ 0, which gives us an 
exact triangle in the derived category. The dual is then again an exact triangle, so we get a long 
exact sequence of homology groups 

^ D{G%) ^ Z)(G°) ^ D{G%) ^ D{G},) ^ D{G}) ^ D{G}^) ^ 0. 



Since /3o is close, we have that D{G^ ) = 0, so we get the diagram with exact rows 








--^^0 



-^Dm 



-^G" 



-^Gl 



D{L*) 



e 



D{L' 



■0 
■0 



D 



Appendix B: Non- uniqueness of Stacky Fans 

B.l The Cohomologically AfRne Case 

In this subsection, we study cohomologically affine generically stacky toric stacks in some detail. 
Roughly, the goal is to mitigate Warning 12.101 and establish a tight connection between cohomo- 
logically affine generically stacky toric stacksand their stacky fans. This is important in the proofs 
of some technical results, specifically Lemma 15.51 and |GSllb[ Theorem 2.13]. 

Definition B.l. A generically stacky toric stack A:i;,/3 is cohomologically affine if X-£ is affine 
(c.f. Definition EH). 

Recall that a toric variety is affine if and only if its fan is the set of faces of a single cone a. 

Notation B.2. As a slight abuse of notation, we use the symbol a to denote a cone as well as the 
fan consisting of the cone a and all of its faces. 
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Lemma B.3. Let ($,</>): (o", /3) — > (S',/3') be a morphism of generically stacky fans, with a a 
single cone. Suppose every torus orbit of A:'s',/3' is in the image of the induced morphism 'V($,(/,) 
(e.g. if ^{^M is surjective). Then the map a — )• S' is a surjection. In particular, S' is a single cone, 
so As',^' is cohomologically afiine. 

Proof. The cones of S' correspond to torus orbits of X^/, and to those of Afs',/3'. We see that every 
torus orbit of Xy;i is in the image of X^j. Thus, the relative interior of every cone of T,' contains 
the image of some face of a. Therefore $((t) intersects the relative interiors of all cones, and in 
particular all rays, of S'. Since $(<t) is a convex polyhedral cone, it follows that the ^{c) is the 
cone generated by the rays of S'. Li particular, E' C $(o"). D 

Remark B.4. The cohomological affineness condition in Lemma lB.31 cannot be removed. For ex- 
ample, let S = [/_^ and S' = | ^ Then Xj] is the blowup of A^ at the origin, minus the two 

torus-invariant points of the exceptional divisor, and X^' is A^. The natural map Xs — ?• ^s' is 
surjective, but the map on fans is not. 

Definition B.5. An affine toric variety X^j is pointed if it contains a torus-invariant point. Alter- 
natively, Xo- is pointed if a spans the ambient lattice L. If {a, /3) is a generically stacky fan and 
X„ is pointed, we say that X^^^p is a pointed generically stacky toric stack. In this case, we say that 
{a, (3) is a pointed generically stacky fan. 

Note that a pointed toric variety has a unique torus- invariant point. 

Remark B.6. Note some immediate consequences of the equivalence of categories between toric 
varieties and fans. For any affine toric variety X„, there is a canonical pointed toric subvariety. 
Explicitly, let L^^ C L he the sublattice spanned by a. Then X^^l^ is pointed, and the inclusion 
Lfj ^ L induces a toric closed immersion X^j^i^ -^ X^j^l. We have that Xo-,l is (non-canonically) 
isomorphic to the product of X^^^l^ and the torus T^ji^ . 

Remark B.7. Similarly, if (o", /3: L — )• A^) is a generically stacky fan, with a a single cone, there is a 
canonical morphism from a pointed toric stack. Let L„ (^ L he the saturated sublattice generated 
by a, let N^- = SatAr(/3(Lo-)), and let P^: La^ — > N^j he the morphism induced by f3. Then we 
have a morphism of generically stacky fans (cr, /3o-) -^ {cr,f3). We see that X^^js is (non-canonically) 
isomorphic to the product of the pointed generically stacky toric stack 'Va,Pa ^^^ ^^^ stacky torus 
'^*,L/La^N/Na^ where * is the trivial fan. 

Remark B.8. Note that --fo-,/?^, as defined in Remark IB.7t has the following property. Any toric 
morphism to X^^^jS from a pointed toric stack factors uniquely through Xa,i3cr- This follows immedi- 
ately from the fact that any toric morphism from a pointed toric stack to a stacky torus must be 
trivial. 

Lemma B.9. Let Xa- he a pointed affine toric variety, and let Y — ?> X^- be a toric morphism from 
a toric variety making Y into a G-torsor over X^ for some group G. Then Y -^ X„ is a trivial 
torsor and G is a torus. In particular, Y = G x X(j as a toric variety, so there is a canonical toric 
section X^j — )• Y . 

Proof. We have that G is the kernel of the homomorphism of tori induced by y ^- Xfj, so it is 
diagonalizable. We decompose G as a product of a finite group Go and a torus GJ^. 
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We then have that Yq = Y/G"^ is a toric variety which is a Go-torsor over Xu. The fiber over the 
torus- invariant point of X^ is then a torus invariant finite subset o^Yq.A torus has no finite- index 
subgroups, so any finite torus- invariant subset of a toric variety must consist of fixed points of the 
torus action. On the other hand, Yq is affine over Xu, so it is affine, so it contains at most one 
torus fixed point. Therefore, Go must be trivial, so G = G^. 

We have that G-torsors over Xa- are parametrized by H^(Xo-,G) = H^{Xu,GmY — Pic(Xo-)^. 
By [ CLSllt Proposition 4.2.2], we have that Pic(Xo-) = 0, so all G!J^-torsors on X^ are trivial. It 
follows that Y = GJ^ x Xu, so by Remark IB. 61 there is a canonical toric section. D 

Corollary B.IO. Let Xu^/3: l^n be a pointed generically stacky toric stack, where a spans the 
lattice L. Let /: Xu^p — > A's',/3' be a homomorphism of toric stacks. Then / is induced by a 
morphism of stacky fans (fx, /?) — )• (S',/3'). 

Proof. Following the proof (and notation) of Theorem 13. 4t we see that there is toric variety Yq 
with a toric morphism Yq —^ Xu making Yq into a G(j)-torsor over Xu- By Lemma lB.91 there is 
a canonical toric section s. This toric section induces a section of the morphism of stacky fans 
($,idjv): (So,/3o)^(cT,/3). 




The composition (cr, /3) -^ (S',/3') then induces the morphism /. D 

Corollary B.ll. Let (S,/3: L — ?> N) be a generically stacky fan. There is a natural bijection 
between toric morphisms A^ — )• <Ys,/3 and elements of S n L. 

Proof. This follows immediately from Corollary IB. 101 and the usual description of the fan of A^ , 
namely ( — >,id: Z — )• Z). D 

Lemma B.12. Let (<1>, (p) : {a, /3 : L ^ N) ^ {a', /3' : L' ^ N') be a morphism of generically stacky 
fans, with a and a' single cones. Suppose the induced morphism <^($,0) is an isomorphism. Then 
^ induces an isomorphism of monoids cr fl L — >■ a' n L'. 

Proof. By Corollary IB. IH elements of the monoid aCiL are in bijection with toric morphisms from 
A^ to <-f(j,/3. The isomorphism Xr^ m induces a bijection of these sets. On the other hand, the 
induced morphism is a morphism of monoids. D 

B.2 Isomorphisms From Morphisms of (Generically) Stacky Fans 

As we saw in Warning I2.1U| non-isomorphic stacky fans can induce isomorphic toric stacks. In 
this section, we prove some useful results for identifying morphisms of stacky fans which induce 
isomorphisms of toric stacks. 
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Lemma B.13. For i = 0,1, let {^i,<j)i) be a morphism of generically stacky fans. Then ($o x 
$i,i?^o X (pi) induces an isomorphism of generically stacky toric stacks if and only if each (<l>j,(/)j) 
does. 



Proof. This is an immediate corollary of Proposition 13. 5[ 



D 



Lemma B.14. Let S be a fan on a lattice L and let /3: L ^ A^ be a close morphism to a finitely 
generated abelian group. Let Lq be a lattice, and Pq: Lq ^ N any homomorphism. Let S x be the 
fan S regarded as a fan on L®Lq, supported entirely on L. Then the morphism of generically stacky 
fans (S, /S: L ^ A^) ^^ (S x 0, /? /3o : L © Lq — ^ ^) induces an isomorphism Xy,^p — )• 'Vsxo,/3®/3'- 

Proof. Since E x is the product of S on L and the trivial fan on Lq, we have that X^xo = ^T. x ?Lo • 
The first diagram has exact rows. 











-f L > L® Lq > Lq 



-40 



/3®/3o 



■^N-- 



'■N- 



-40- 



-40 



0- 



0- 



■ Gb 



G 



mp' 






.Tl^TlQTl, >Tl, 







-40 



Since /3 is close, Lemma IA.2I implies that the second diagram has exact rows. We see that the 
induced morphism is then 



^. 



i,/3 = [X-e/Gis] ^ [[Xy;xo/Tlo]/Gi3] = [[Xexo/Glq^oI/G,?] 



[Xsxo/G|3^|3^^] — -^SxO./Se/^o- D 



Remark B.15. The condition that /3 is close is necessary in the above argument. As a simple coun- 
terexample where /3 is not close, consider the morphism of generically stacky fans (0, id) : (S, — >■ 
Z) — > (S,id: Z ^^ Z), where S is the trivial fan. This induces the morphism BGm — > Gm- 

Lemma B.16. Let a be a cone on L. Suppose (<!>,(/'): {a,^: L ^ N) ^ (<I>(cr),/3' : L' -^ N') is a 
morphism of generically stacky fans so that (p is an isomorphism, ^ is close, and so that ^ induces 
an isomorphism of monoids {a f^L) — )• {^{cr) n L'). Then the induced morphism ^^./s ~^ '^^{a),j3' is 
an isomorphism. 

Proof. Let Lo- C L be the sublattice generated by cr n L, and let Li be a direct complement. Let 
Xfj denote the toric variety corresponding to the cone a, regarded as a fan on L^. The fan a (on 
L) is the product cr x on L^- x Li, so X^j^p = [{Xa x TlJ/G/?]. 

By assumption, the sublattice of L' generated by ^{a) n L' is isomorphic to L^j, and the iso- 
morphism identifies a with $(cr). Let L'^ be a direct complement to Lg- in L' . As above, we have 
that ^$(^)_^, = [(X^ X TL'^)/Gfi>]. 

Note that T^ = T^^ x Tj.^ and T^i = T^^ x T^/ . Since $ is close, Lemma I A . 1 1 tells us that the 
following diagram has exact rows. 



0- 




-4G$ 



X 
-40- 



-^Gp- 
i 

X 



^Gp, 

i 
-4T^; 

X 



-40 



-40 



-40 
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So we see that the toric morphism induced by ($,</)) is A'^-,^ = [[Xa- x Ti^)/Gp\ = [[(Xg- x 
TL,)/G^]/Gp.] = [{X^ X n>;)/Gp>] = ^$(,),^,. ' D 

Lemmas IB.14I and IB. 161 can be combined and extended. 

Proposition B.17. Let (<!>,(/>): (o", /3: L — )• N) -^ {a' , f3' : L' — )■ A^') be a morphism of generically 
stacky fans, with a and a' single cones. Suppose 

1. (j) is an isomorphism, 

2. ^ induces an isomorphism of the monoids (a fl L) and (a' L'), and 

3. (^(Sativ/3(L)) =Sat7v'/3'(L'). 

Then the induced morphism X^^p — > Xfj'^ii' is an isomorphism. 

Proof. First we reduce to the case when /3 is close. Let A'o be a direct complement to Sat^ f3{L). 
Then we see that (S,/3: L ^> TV) is the product of (S,/3i: L -^ SatAf/3(L)) and (*,/3o: ^ Nq), 
where * is the trivial fan (which contains only the zero cone). Condition [3] implies that </)(A^o) is 
a direct complement to Sat j^' /3'{L'), so the same argument shows that (S',/3': L' — )• A^') is the 
product of {T.',/3[: L' -^ SatN' P'iL')) and {*,/3'o: -^ 0(iVo))- We see that ($,</>) is a product 
of (<1>: L — > L',(j)i: SatAr(/3(L)) — > Satjv'(/3'(-^'))) ^'^'^ (0)</'|Afo)- The later is an isomorphism by 
conditions [l] and [U so by Lemma [8.13^ we have reduced to the case where N = Sat at j3{L). 

Let Lo- be the sublattice of L generated by u n L. Let A''i be the free part of /3(L), and choose 
a splitting s: Ni ^ L. Let Li = L^- + s{Ni) in L. 

Applying Lemmas IB. 161 and IB. 141 in succession, we see that the morphism induced by the 
composition (cr, /3|ij) — > (o", /3|sat£,Li) -^ i^^iP) is an isomorphism. 

Note that ^\lx has no kernel, so we may identify ^{Li) with Li. Then the same argument 
shows that (o", /3|li) — )• {a',f3') induces an isomorphism. 

We then have a factorization of morphisms of generically stacky fans (u, /3|j;,^) — >■ (<t, /3) — '■ — > 
((t',/3'). Since the first morphism induces an isomorphism and the composite induces an isomor- 
phism, it follows that (<!*,</>) induces an isomorphism. D 

Definition B.18. Suppose <I>: S ^ S' is a morphism of fans and a' € S'. The pre-image of a', 
<I>~^(cr'), is the sub fan of S consisting of cones whose image lie in a'. 

Remark B.19. Suppose / : Xs — ?• ^e' is the morphism of toric varieties corresponding to the map of 
fans S -^ S'. The cone a' € S' corresponds to an afRne open subscheme C/q-' = Spec(A;[o"''^ n N']) C 
Xs', the complement of the divisors corresponding to rays not on a'. The key property of <l>^^(o"') 
is that Xs XXj./ Ua-' is naturally the open subvariety X^-ii^^/^ C X^. 

Proposition B.20. Let {^,(j)): {T,, (3: L ^- N) ^- (S',/?': L' — > N') be a morphism of generically 
stacky fans. Suppose 

1. f3 is close, 

2. <f> is an isomorphism, 
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3. for every cone a' G S', $ ^(c') ^s a single cone, and 

4. for every cone a' E T,' , ^ induces a isomorphism of monoids ^^^{a') fl L — )• a' Pi L' . 

Then the induced morphism X-E,p —^ '^T,',I3' is an isomorphism. 

Proof. We may check whether the map is an isomorphism locally on the base, so we may assume 
S' is a single cone a' . By Proposition IB. 17l we get the result. D 

Remark B.21. The converse of Proposition IB. 20] is easy to show for morphisms of toric stacks. 
More precisely, suppose (^, (j)) : (S, /3) — )• (S', /3') induces an isomorphism of toric stacks. Then j3 is 
automatically close since (S,/3) is a stacky fan (not a generically stacky fan). We have that X/^,jy\ 
induces an isomorphism between tori Tjy — )• T/y, so the corresponding morphism of 1-parameter 
subgroups, (j): N ^ N' , must be an isomorphism. Since isomorphisms are affine. Remark IB. 191 
shows that ^~^{a') is a single cone for each a' € S'. Finally, Lemma IB. 121 shows that <1> induces 
isomorphisms of monoids. 

Rem,ark B.22. Suppose Xj^ is a smooth toric variety and $ : (S, Z") — )• (S, L) is its Cox construction 
[CLSIH §5.1]. Then the induced morphism Afg ^ — >■ -^E.idL ~ "'^s is an isomorphism. In particular, 
any smooth toric variety can be expressed as a quotient of a GJ^-invariant open subvariety of A" 
by a subgroup of GJ^ . Toric stacks of this form are called fantastacks (see ^ and Example 14. 7p . 
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